We study Kähler functions on the Hilbert ball and and the algebra of Kähler functions. We introduce quantum mechanics and operator algebras on the Hilbert ball by using the theory of geometrical quantum mechanics. 1
Introduction
In quantum mechanics, ( pure )states of its system are represented as the set of unit rays of some Hilbert space H. So, the set of states is a projective Hilbert space P(H) ≡ (H \ {0})/C × and it becomes Kähler manifold by means of Hilbert manifold ( [1] , [3] , [4] ).
In [5] , Cirelli, Manià and Pizzocchero found that the framework of quantum mechanics by the operator theory could be reformulated with terms of Kähler geometry on P(H). And they studied some geometric generalization of quantum mechanics by Kähler manifolds as " trial quantum system " ( appendix B ). We consider some framework of quantum mechanics on the Hilbert ball B H ≡ {z ∈ H : z < 1} as a trial quantum system which is an example of Kähler manifold with negative constant holomorphic sectional curvature in section 2.
On the other hand, a unital C * -algebra A is represented by Kähler functions on the Kähler bundle which is constructed by the set of pure states and spectrum of A in [6] . So, it is interest to study the set of Kähler functions on general Kähler bundles as a generalization of the C * -algebra.
We define some class of Kähler bundles to consider * -algebra of Kähler functions. Specially, we describe the Kähler algebra on the Hilbert ball as an operator algebra by solving equations of definition of Kähler functions on B H in section 3.
Quantum mechanics on the Hilbert ball
The Hilbert ball B H is an example of the state space of a trial quantum system ( [5] ) which state space is complete, connected, simply connected Kähler manifold with negative constant holomorphic sectional curvature ( appendix A). It is only different from Schrödinger quantum system ( definition 4.1 in the part I of [5] ) at the signature of holomorphic sectional curvature. We describe its quantum mechanics by calculating objects appearing in its mechanics.
That is, In [5] , B H is not a state manifold of Schrödinger quantum system. So, Its equation of motion is not a Schrödinger equation at their definition. But we call any flow equation in any trial quantum system as a Schrödinger equation in this article.
Basic results
At the beginning, we show transition probability of this system. Theorem 2.1 (Transition probability) For two states φ, ψ ∈ B H , its transition probability T (φ, ψ) is given by
Proof. By definition of the transition probability in trial quantum mechanics, transition probability is given by Kähler distance of two points φ, ψ ∈ B H . See theorem A.1. By this theorem, we know that transition probability in B H is depend on not only | < φ|ψ > | but also difference of phase factor and length of two states.
Let L(H) be a set of all bounded linear operators on a Hilbert space H.
Theorem 2.2 (Observables) In the Hilbert ball, the set of observables is given by a set of smooth functions over B H with a form such that
where right hand side is Poisson bracket on B H by Kähler form.
Proof. Observables in system are given by functions f on B H such that 
where W is a closed real linear subspace of H, E W is the range projection of W from H and E ⊥ W is a orthogonal complementary subspace with respect to real inner product Re < ·|· >.
Proof. See lemma A.3. It is easy to check that mirror transformation is non-holomorphic isometry.
In general, for a trial quantum system ( [5] ) (M, g, ω), the Schrödinger equation of the system (M, ω, g) is the just flow equation becomes an isometry and the range of its differential di becomes dense in each tangent space of B H .
Embedding of the projective quantum mechanics into the Hilbert ball's
We show the quantum mechanics of the Hilbert ball including that of projective Hilbert space in the following sense. An observable C ∈ L( H) certifies existence of phase factor of state z = (z, 0) ∈ H by super position with e 1 ≡ (0, 1) ∈ H = H ⊕ C as the form of expectation value, 
Proof. By using A.1, it is shown.
Kähler algebras over Kähler bundles
We consider some kind of geometric generalization of C * -algebras by Cirelli, Manià, Pizzocchero theory. The motivation is coming from the next theorem. (ii). The set of all uniform continuous Kähler functions on UPKB (π, P, B) in (i) becomes a unital C * -algebra and it is * -isomorphic to A. (iv). If A is commutative, then the correspondence in (ii) becomes Gelfand representation of commutative C * -algebras.
By this theorem, the category of C * -algebras is embedded to the category of Kähler bundles. So, we consider Kähler bundle with not only projective but also general Kähler fibers. (More details about theorem 3.1 are stated in subsection 3.1. ) And we decide the Kähler algebra on hyperbolic Kähler manifold ( Hilbert Ball ).
Kähler bundle
We define several kind of Kähler bundles and its Kähler functions. By theorem 3.1, a Kähler bundle can be regarded as Kähler geometric generalization of the set of pure states of a C * -algebra. And their Kähler algebras can be regarded as a functional generalization of C * -algebra. In this meaning, the Kähler bundle is a geometric realization of so-called " non-commutative space " in the non-commutative geometry by A.Connes [7] , [8] . In this article, we suppose that any manifold is a ( possibly uncountable infinite dimensional ) Hilbert manifold [14] . For example of infinite dimensional Kähler Hilbert manifolds, projective Hilbert space, Hilbert ball, Loop groups [13] and so on. About Kähler manifolds, see [12] and [6] . (ii). (π, P, B) is a projective Kähler bundle if each fiber is a projective Hilbert space.
(iii). (π, P, B) is a hyperbolic Kähler bundle if each fiber is a Hilbert ball.
(iv). (π, P, B) is a regular state form if each fiber is a projective Hilbert space or a Hilbert ball. (ii). K(P) is the set of Kähler functions on (π, P, B) Remark 3.2 Usually, in the theory of Kähler manifold, interesting object is holomorphic function. But we treat not only holomorphic function but also smooth one.
The name of regular state form is an analogy of " space form " in semi-Riemanian geometry which is connected, complete semi-Riemanian manifold with constant curvature. On a regular state form, the following statements stand.
Let (π, P, B) be a regular state form. Then the set K(P) of Kähler functions becomes * -algebra by * -product and complex conjugation
, ∂ p f is the holomorphic differential of f , grad p l is a holomorphic part of gradient of l with respect to fiberwise Kähler metric and λ p is the inverse of holomorphic sectional curvature of Kähler manifold of fiber.
(ii). For the above * -product, the following formula stands
where {·, ·} is a Poisson bracket of P.
In theorem 3.1, each uniform continuous Kähler function related element A ∈ A over Kähler bundle related a C * -algebra A is given by
for any pure state ω ∈ P = P(A) of A. And norm of function f are given by
By theorem 3.1, we can regard C * -algebra as a special Kähler algebra, that is the uniform continuous Kähler algebra over a uniform projective Kähler bundle. Furthermore, the Kähler bundle can be regard as the geometric aspects of the non commutative algebra such the C * -algebra. So we wonder the next problem naturally. Problem 3.1 What is the Kähler algebra on a hyperbolic Kähler bundle ? How is it similar to a C * -algebra ?
It is known that the complex projective space and the complex hyperbolic space are dual as a homogeneous space ( [12] ). So, The projective Kähler bundle and the hyperbolic Kähler bundle are dual as bundle of homogeneous space. ( Explicit definition of infinite dimensional homogeneous space are required the theory of infinite dimensional Lie groups. But we don't touch them here and remain this problem next chance.) Therefore, we can regard the Kähler algebra on a hyperbolic Kähler bundle as a "geometric dual " of the C * -algebra as the function space of dual homogeneous bundle. So, we expect that the geometric duality appears in the function algebra.
Remark 3.3
We know that the uniform continuous Kähler algebra over uniform projective Kähler bundle which comes from the set of pure states of some C * -algebra becomes a C * -algebra which is * -isomorphic to the original C * -algebra. But still now, we don't know the necessary and sufficient condition for a uniform projective Kähler bundle such that the uniform continuous Kähler algebra on it becomes a C * -algebra ( [6] ).
The Kähler algebra on B H
By theorem 3.2, we know the set K(B H ) of Kähler functions on the Hilbert ball B H with constant holomorphic sectional curvature −2 becomes * -algebra by * -product
and complex conjugation. We determine the Kähler algebra K(B H ). Let a Hilbert space H ≡ H ⊕ C and operators
where I 1 is the identity operator on H. We define new product * ε for the set L( H) of all bounded linear operators on H by
Then (L( H), * ε ) becomes a Banach * -algebra with unit ε and usual operator norm satisfying
The new algebra (L( H), * ε ) and the algebra (L( H), ·) with usual operator product · are isomorphic as a Banach algebra with unit by a mapping A → εA.
But they are not * -isomorphic because (L( H), * ε ) does not satisfy C * -condition.
( For example, let v ∈ H such that v = 1 and one dimensional projection E : H → Cv. Then for an operator
the following equations follow
for λ ≥ 0 and z ∈ B H . The norm · b is strange as the norm of functions. We discuss this problem later. On these preparation, we state the theorem of structure of Kähler algebra
We prove theorem 3.3 step by step.
,
By multiplying k(z) −1 at both side,
is bounded linear with respect to X. As same way by
And there is c 0 ∈ C and by Eq.3.5 
We conclude the next corollary.
Proof. We prepare a lemma.
where E 2 : H → H is the projection and e 1 = (0, 1) ∈ H and (∂ z f C ) * is a holomorphic tangent vector at z defined by
Proof. We show only the later two part.
(
By comparing both side of this equation, we obtain Eq.3.9. By inserting Eq.3.9 to lemma A.7, we find Eq.3.10. We calculate the noncommutative part ∂ z f C (grad z f C ′ ) of * -product f C * f C ′ . By using Eq.3.9 and Eq.3.10 in lemma 3.3,
Therefore,
We complete to show proposition 3.1. Since < u|z > is affine and < z|v > is conjugate affine with respect to z, u = 0, v = 0. So, C = 0. Therefore, a mapping f is injection. Clearly, mapping f is linear and f C * =f C . By proposition 3.1, f is * -isomorphism. By definition of the norm · b ,
Note
Then by proposition 3.1,
So, the mapping f is an isometry from a Banach space (L( H), · ) to (K(B H ), · b ). Therefor (L( H), * , · ) becomes Banach * -algebra with unit f J ≡ 1 because (L( H), * ε , · ) is a Banach * -algebra. We finish to show (i) of theorem 3.3. (ii) of theorem 3.3 is clear from proof of (i).
Remark 3.5 ( Selection of Norm of K(B H ) ) If we consider K(B H ) as a functional representation of some kind of operator algebra and K(B H ) has a norm, then we will expect that K(B H ) becomes a norm algebra because many theory are known for norm algebras rather than not norm algebras. But if we treat K(B H ) as a function algebra on B H , then we should consider a norm which is defined on only B H . So, a norm · b is not suitable for a function algebra K(B H ).
For example, we define the other norm · d by follows
. Then for C ∈ L( H),
Both (K(B H ), · d ) and (L( H), · s ) become Banach spaces and they are * -isomorphic as a * -algebra and isometric but not Banach * -algebras because they don't satisfy the condition
Appendix

A Geometry of the Hilbert ball
We state the differential geometrical aspects of the Hilbert ball B H . It is shown that how the problem of the infinite dimensionality of B H is overcomed and well-controlled by its inner product and norm coming from H.
A.1 Definition of the Hilbert ball
Let H be a complex Hilbert space with the inner product < ·|· >. 
Then g is invariant under J and symmetric. We denote g z (u,v) = g z ((u, 0), (0,v)). By this metric, (B H , g) becomes a Kähler manifold with holomorphic sectional curvature −2. Let the Kähler form ω by ω(u,v) ≡ g(Ju,v).
A.2 Isometries
Let H real be the real Hilbert space (H, Re < ·|· >). For u, v ∈ B H , we describe geodesic from u to v. LetH ≡ H ⊕ C. Let U 1 (H) be the inhomogeneous unitary group which is the subset of bounded linear operators X onH which satisfying X * εX = ε where ε is the (∞, 1) signature matrix
where I 1 is the identity operator on H. Then X is written as follows
where A ∈ L(H), x * ∈ H * , y : C → H linear map and a ∈ C. We regard as x, y ∈ H by x * (z) =< x|z > and y(c) = c · y for z ∈ H and c ∈ C. They satisfy
where E y is the one dimensional projection on H real to y. 
for z ∈ B H . We call φ X the generalized linear fractional transformation by X.
(iii). φ I = I 1 where I is the identity operator on H.
(ii) , (iii), (iv) follow by simple calculations.
Lemma A.3 A generalized linear fractional transformation is an isometry
Proof. It is sufficient to show that for any z ∈ B H , there is a X ∈ U 1 (H) such that φ X (0) = z. For a given z ∈ B H , let
If u, v ∈ B H such that u = v then we can take X = U 0 0 1 ∈ U 1 (H) where U is a unitary operator on H such that Uu = v.
A.3 Distance
We calculate distance on B H by the technique of Helgason [10] .
Then φ t becomes geodesic from 0 to z. The length L(φ) of φ is given by
Proof. We show L(φ) ≤ L(ψ) for any curve ψ from 0 to z. By definition of length of curve
Then
By Schwartz inequality for second term
The solution of above equation is given by
where C is the integration constant. Since the length of geodesic is invariant for reparametrization and initial condition of ψ is φ 0 = 0, we find ψ t = t · z. Calculation of L(φ) is follows : Since
Proof. If u = 0 or v = 0, then it is given by lemma A.5 and in this case theorem is true. Assume u = 0 and v = 0. If v = k · u for some k ∈ R, then uv, 0 are on a same geodesic by lemma A.5. So we assume that uv are R-linearly independent.
Let w ≡ φ X −1 (v). Then the distance d(0, w) from 0 to w is given by lemma A.5 :
By calculation,
where the hyperbolic tangent tanhx is defined by
A.4 Connection
Let H be a complex Hilbert space with an inner product < ·|· >.
Lemma A.6 (i). On the projective Hilbert space P(H), holomorphic part of its Levi-Civita connection is given by
where z is in the range of some local coordinate (φ, V) such that φ(p) = z at p ∈ P(H) and X, Y ∈ T p P(H), l z = (1 + z 2 ) −1 .
(ii). On the Hilbert ball B H , holomorphic part of its Levi-Civita connection is given by
Proof. 
(ii) For the connection D of statement, we check D X g(u,v) = 0 for holomorphic tangent vector X, u and anti-holomorphic tangent vectorv.
By uniqueness of Levi-Civita connection, D becomes Levi-Civita connection of B H .
Remark A.1 Now tangent vectors X, Y are assumed [X, Y ] = 0. In the case of H = C n , it is sufficient to define connection on basis ∂ i ,∂ i i = 1, . . . , n.
For the case general vector space without canonical basis, we define the connection by the above way without using basis. for any anti holomorphic vector fieldȲ on M where ∂f is the anti holomorphic differential of f . gradf and sgradf ( = X f ) are called holomorphic gradient and holomorphic skew-gradient ( Hamiltonian vector field ) of f respectively.
A.5 Some formula
(ii) By definition of Hamiltonian vector field X f ,
The left hand side of this,
As same way about (i), we find statement of (ii).
B Geometrical Quantum Mechanics
We review the theory of the geometrical quantum mechanics by Cirelli, Manià and Pizzocchero [5] .
B.1 Introduction
For an ordinary system of quantum mechanics is described by a mathematical tools (H, {U t } t∈R , A) where H is a complex Hilbert space, {U t } t∈R is a continuous one parameter group of unitary operators on H and A is the set of operators on H. Their meaning in physics are interpreted that H is the set of ( pure ) states of a system, {U t } t∈R is a dynamical law and A is the set of observables. By [5] , they are reformulated as geometrical objects in the projective Hilbert space In this correspondence, the Kähler geometry of the projective Hilbert space is important to describe quantum system. Cirelli, Manià and Pizzocchero generalize this correspondence to general Hilbert manifold with some requirements and conclude that Kähler manifolds are necessary for physical ingredients as state manifolds. (ii). {Φ t } t∈R is a continuous one parameter group of smooth mappings on M which preserving ω and g that is,
The physical meaning of them are follows.
(i). M is the set of pure states of a system. (iii). ω gives Hamiltonian system as same as classical mechanics.
(iv). g gives the dispersion structure ∆f ≡ h 2 g(X f , X f ) of an observable f where a positive real numberh > 0 is the Plank constant in the system.
(v). {Φ t } t∈R gives a dynamical law in the system.
We add physical notions furthermore.
Definition B.2 Let (M, ω, g, {Φ t } t∈R ) be a trial quantum system.
(i). A symmetry of (M, ω, g, {Φ t } t∈R ) is a smooth map preserve ω and g.
(ii). The transition probability of two points p, q ∈ M in (M, ω, g, {Φ t } t∈R )
is distance of p, q by g.
If M is not bounded as the distance by g, we can not regard the distance as probability. So, more suitable definition of transition probability may be given by the positive monotone increasing function of the distance of M. Or we may have to replace the notion of the transition " probability" by the transition " distance ".
B.2 Physical characterizations of the state manifold
From here we treat only the part M = (M, ω, g) of (M, ω, g, {Φ t } t∈R ). We call (M, ω, g) the state manifold of (M, ω, g, {Φ t } t∈R ). ( More precisely, prestate manifold is more suitable name if we stress " trial " quantum system. ) Let M be a state manifold. Since M is a real manifold in this step, T p M is a tangent space of M as a real vector space here. for any f, l, m ∈ K(M, C).
(iii). If K(M, R) is full and the equation Eq.B.19 is satisfied for any f, l, m ∈ K(M, C), then J is integrable.
Proof. (i) in proposition 4.5 in the part I of [5] . (ii) proposition 3.3 in the part I of [5] . From here, we assume (M, J, g) is a Kähler manifold. And we use the complexified tangent space T p M ≡ T p M ⊕ T p M . Then, a symmetry of (M, J, g) is a Kähler ( generally not holomorphic ) isometry on (M, J, g). We prepare a lemma for our notation to describe * -product.
The differential df of a function f is written by the holomorphic part and anti holomorphic part ∂f +∂f . Then Lemma B.1 f * ν l = f · l + ν · ∂f (gradl) where gradl is in definition A.3.
Proof. We calculate the second term of the right hand side of Eq.B.18. Since X f = sgradf + sgradf, is closed under * ν -product. Physical interpretations of these propositions are given in [5] . An example of a trial quantum system is the system with projective Hilbert space as the state manifold. It is uniquely determined by the next characterization up to Kähler isometry and the scale of holomorphic sectional curvature.
Definition B.4 A trial quantum system (M, ω, g, {Φ t } t∈R ) is a Schödinger quantum system if M is a connected, simply connected, complete Kähler manifold with positive constant holomorphic sectional curvature.
